Starting from the experimental fact that light propagates over a closed path at speed c (L/c law), we show to what extent the isotropy of the speed of light can be considered a matter of convention. We prove the consistence of anisotropic and inhomogeneous conventions, limiting the allowed possibilities. All conventions lead to the same physical theory even if its formulation can change in form. The mathematics involved resembles that of gauge theories and the choice of a convention is interpreted as a choice for the gauge. Moreover, we prove that an Euclidean space where the L/c law holds, gives rise to a spacetime with Minkowskian causal structure, and we exploit the consequences for the causal approach to the conventionality of simultaneity.
Introduction
Since its birth [1, 2] , there has been a long debate to establish to what extent special relativity, and the hypothesis of constancy of the speed of light, could be considered conventional [3, 4] . It was soon realized by Einstein [2] that experimentally one can establish the speed of light only measuring the time of flight of a light beam over a closed path. If we try to measure the oneway speed of light, from a starting point O 1 to and ending point O 2 , we need to know the time of departure and the time of arrival of the beam and this can be done only with two clocks located in O 1 and O 2 . However, this implies that a convention to synchronize the two clocks must be given, and to avoid vicious reasoning we cannot use Einstein convention being based on the isotropic assumption, that is the fact we wish to prove. The situation is often illustrated, in the one dimensional case, in the following way [3] (see figure 1 ). Let us consider a light beam: it leaves the observer O 1 , reaches O 2 and, being reflected, comes back. O 1 , with his clock, measures the total time of flight, t T , and verifies the relation 2O 1 O 2 = ct T . If we assume that the speed of light is the same in both directions, i.e. equal to c, we conclude that the beam is reflected by O 2 at the time t R = t T /2. This data, once communicated from O 1 to O 2 , can be used by O 2 to synchronize his clock with the one of O 1 (Einstein procedure of synchronization). In other words the assumption of isotropy leads to the conclusion that the events A and R are simultaneous, so that the definition of simultaneity suffers of the same conventionality content of the isotropic assumption.
It is often noticed by some authors that this conclusion cannot be drawn because essentially of two reasons.
• There may be some way to synchronize distant clocks without using the isotropic assumption, e.g. with a slowly transport of a third clock from O 1 to O 2 .
• In the above argument we used only one experimental fact, that the speed of light as measured over a closed path is always c, (hereafter this law is refereed as the "L/c law"). There may be other experimental facts which could restrict the allowed values of the speed of light in one direction, and which could eventually leave us with only one possibility, the isotropic one.
However, the solution suggested in the first point makes use indirectly of the isotropic assumption, and therefore is merely a new way for introducing the isotropic convention [5, 6] . As we shall see, the second argument doesn't work as well, because there are conventions compatible with every physical law, the only price to be paid being a change in their mathematical expression. Moreover, conventions different from the isotropic one can prove to be natural in some contexts such as when the observers live over the surface of a spinning planet.
As a first example of an alternative convention let us return to the one dimensional case. Following the supporters of the conventionality of simultaneity, we are able to fix the time reflection, t R = ǫt T , where ǫ is the Reichenbach coefficient usually taken in the range ǫ ∈ (0, 1). Once the choice has been made the speed of light in the right direction becomes c/2ǫ and that in the left direction becomes c/2(1 − ǫ). Whatever the choice of ǫ is, the L/c law is satisfied. The restriction to the one dimensional case however doesn't clarify the problem, nor exhibits the richness of the possible conventions. Our analysis starts in the following section where we skip to the three dimensional case.
Anisotropy and Inhomogeneity
Let us consider an Euclidean space E 3 where light propagates on straight lines. A beam of light leaves its starting point O 1 and through the reflection over suitable mirrors covers a closed path γ ending in O 1 . If we use a large number of mirrors the path can approximate, as much as we want, a smooth closed curve of arbitrary shape, so that we can assume γ to be an arbitrary differentiable closed curve. If L is the length of the curve, by the L/c law, the total traveling time is τ = L/c. Let us introduce a field A( x) such that ∇× A = 0 (or, which is the same, A = ∇φ for a suitable scalar function φ( x)), then
The previous expression can be rewritten
where θ is the angle between A and d l and where v = cv 1 + cv · ∇φ( x)
A(x) v q is a new modified speed of light. It is anisotropic in fact its absolute value depends on the directionv (see figure 2 ). Now it is clear that, if we suppose that the speed of light has the anisotropic and inhomogeneous value given by eqn. 3, then the L/c law is fulfilled. Moreover, we see that the arbitrariness of the speed of light amounts at least to an entire field φ( x).
In the appendix we show that there are more general expressions which verify the L/c law for any closed path starting at O 1 . However, if we impose that the L/c law be verified by any observer, i.e. for any choice of O 1 , then it is found that the most general expression for the velocity is given by eqn. 3. This is also proven in the appendix, and is correctly stated by the following Theorem. Let M = E 3 × R be a spacetime consisting of an Euclidean space E 3 endowed with an absolute time 1 R. Suppose that any observer at rest measures with his clock a time which differs from the absolute time only for an additive constant. Suppose moreover that light propagates along straight lines, then the L/c law holds if and only if the speed of light is given by eqn. 3 for a suitable scalar function φ( x).
We notice that the theorem, being based on kinematic properties, applies to whatever signal propagates over straight lines such as, for example, the sound. Moreover, if the signal is supposed, by some physical argument, to have a velocity invariant in norm under inversion of direction, then if the signal satisfy the L/c law its velocity must be isotropic and equal to c. The theorem implies a corollary. Corollary. Under the hypothesis of the theorem, if light satisfies the L/c law then a) There is a new time variable
such that, with respect to this new time, the velocity becomes isotropic
b) The causal structure of M coincides with that of Minkowski spacetime.
Proof. Let us suppose the signal is propagating at point x in directionŵ,
and using eqn. 3 in the form dt = dl/c + ∇φ ·ŵ dl, we find dl/dη = c. The last claim b) follows straightforwardly from the first. This corollary has a content in some sense opposite to the one of the theorem. The theorem states the conventionality of the isotropic assumption whereas the corollary states that all the freedom in choosing the convention can be eliminated with a change in the time coordinate. The anisotropy in the speed of light can be interpreted as arising from a wrong choice of the time coordinate. But why wrong? Here we have to distinguish between different philosophical positions. From a realistic point of view the speed of light has a definite value and the theorem states that from the L/c law we are not able to fix it experimentally. So, in a realistic approach the theorem expresses our inability to disclose all the aspects of the physical world. From this viewpoint what we have called conventions are instead possibilities each of which reflects a different physical world. No one can say if a choice is wrong, all possibilities are considered in the hope that there may be other physical laws selecting the true one. However, as we shall prove, in some sense there are no other physical laws of this kind and a realistic position must admit our inability in revealing the true physical reality. From an empirical point of view, such as that of the author, what matters are the experimental facts so that all possibilities compatible with the L/c law are regarded as different conventions. The choice of the convention is dictated by simplicity grounds, but remains a matter of taste. In this sense one can says that a convention is wrong if the laws of physics following from that choice are too complicated. The corollary and the theorem state that all allowed choices are related to one another by temporal coordinate transformations; if in the particular context under study the simplest choice is the isotropic one then one can make safely that choice. This means that the isotropic choice follows directly from experimental facts. The freedom in the choice of the convention stated by the theorem does not mean that the postulate of constancy of the speed of light of special relativity has an empty physical content. There is a law under it which is precisely the L/c law, that, for the sake of clarity, should replace the constancy postulate. All this reflects a common situation in physics: we have to choose some convention to write down equations and communicate with other physicists, but under the convention used there is always a physical content independent of all conventions. It is given by all the experimental facts that we can predict from our equations.
The corollary, relating any convention to a change in the time coordinate, makes it clear the one to one relation between the convention in the velocity distribution and the convention in the concept of simultaneity, indeed two different time variables η and t, related by eqn. 4, have different simultaneity slices.
Consistence of anisotropic conventions
We have seen that any possible convention is related to the isotropic one by the coordinate transformation of eqn. 4. This is the fundamental ingredient which allows us to prove our inability to find some physical phenomena ruling out one convention instead of another. This justifies the use of the word "convention". Indeed, we can express all the known laws of physics in the new time coordinate obtaining a set of physical laws coherent with experience. The set is the one we had developed if, in our history of science, instead of using the isotropic convention we had chosen an anisotropic one. This set is recovered simply performing a coordinate transformation from the coordinates of the isotropic convention, {η, x}, to the coordinates of an anisotropic convention, {t, x}. For instance, Gauss law of electromagnetism is written in the anisotropic coordinates
As another example, the velocity of a particle of worldline x(t) is given by
and the proper time of the particle is
Not every physical law requires a time variable for its formulation. When it is possible, a convention-free formulation reveals clearly the physical meaning of the law. For instance, in M = E 3 × R, consider the following "causality" law 2
An event A can influence an event B if and only if there is a path γ such that a light beam that starts in A, and travels over γ, ends in B.
Its formulation avoids the use of convention dependent concepts such as the "light cone", as a result the law remains unchanged whatever convention is used.
In the literature there are many "proof", theoretical [7] or experimental [8] , of the isotropy of the speed of light but, as far as I know, all of them use in the process a non-modified law of physics and no one faces with the problem of velocity inhomogeneity. It is an easy task to "prove" the isotropy of the speed of light if we implicitly use an assumption or a law that holds only in the isotropic convention. For instance, it is easy to prove the isotropy of the speed of light if we use the Gauss law in its standard form. Indeed, its predictions agree with physical phenomena, eqn. 7, only if the velocity of light is isotropic.
I do not claim that the conventionality of simultaneity follows. To drawn or not this conclusion is somewhat a personal choice. Indeed, our analysis shows, if all known laws of physics are accepted in their standard form, that if we use an anisotropic convention then we are forced to change the form of every physical law, even that not electromagnetic in nature such as gravity. Now, a priori, it is by no means obvious that the time variable which simplifies electromagnetic phenomena is the same that simplifies gravitational phenomena, but it seems exactly what experience tells us. Introducing a time variable which simplifies gravitational phenomena and looking at the propagation of light one is expected to find that the speed of light is isotropic. One can feel, with right, to have proven the isotropy of light, in the sense that, calculating the velocity of light with a time variable emerging from a rather different context such as gravity, the constant value c is obtained. The trouble here is that historically physicists used light to construct a global time variable, e.g. in looking at the planets of the solar system we have always used light to derive experimental evidence of Newton's law. However, it is in principle possible to construct a global time variable using only gravity, 3 once this is done one can verify experimentally the equality of the global time variables given by gravity and Einstein convention. This eventually amounts, in its strict sense, to a proof of the constancy of the speed of light. We have shown that the two positions, conventional and not conventional, have their own rights with their own meanings. However it seems to us that the first is preferable. Indeed, our analysis shows that, in any case, a "proof" based on relativistic dynamics or on electromagnetism contains necessarily some vicious arguments. Moreover, we have overlooked that gravity arises in general relativity from the curvature of spacetime, so that gravity is involved in the propagation of light. The argument we have proposed to support that the speed of light has, in some sense, a constant value c, making use of gravity, is not applicable here where the discussion is restricted to a flat spacetime.
In the introduction we noticed the possibility that there could be some different way, from Einstein convention, to synchronize distant clocks and to establish the value of the one-way speed of light. It is certainly true that many ways could be found to synchronize distant clocks but this does not mean that we are able to measure the one-way speed of light. Indeed, any different way of synchronization (see eqn. 4) represents nothing but a different convention, and there is no way to rule out one convention instead of another because all fulfill every physical law, as proven above.
As an example, the proposal of synchronization by means of a third slowly moving clock doesn't work because it is simply another formulation of the isotropic convention [6] . Let us recall it. To synchronize the clock of the observer O 1 with that of the observer O 2 , we synchronize with O 1 a third clock C in O 1 , and slowly transport it from O 1 to O 2 following an arbitrary path γ ("slowly" means that we are taking the limit d x/dτ → 0, where τ is the proper time of C). Finally, we synchronize O 2 with C. Now, Taylor expanding eqn. 9 to the first order, and integrating over γ we arrive at ∆τ = ∆η = ∆t − ∆φ.
These equations show that this method is equivalent to Einstein synchronization and only with it: it simply restates the isotropic convention in an hidden way.
Simultaneity from causality
In the previous section, we have shown that the laws of physics are simplified in the Einstein convention whereas in anisotropic conventions they loose their symmetries. To require some symmetry becomes a way to restrict the allowed conventions to the isotropic one. This is seen even in the causal approach to the conventionality of simultaneity [4] whose cornerstone is the theorem of Malament [9] . This theorem (see [11] for a readable account of it) proves essentially that, if the causal structure of spacetime is that of Minkowski, and C is the wordline of an observer at rest, the only non trivial equivalence relation (simultaneity relation) invariant under C-causal automorphisms (diffeomorphisms of spacetime that preserve causal relations and map C onto itself) is that of Einstein. Our corollary enforces the theorem of Malament in the following sense. It is clear that the causal structure of spacetime is non conventional and that can be tested experimentally, however Malament takes for granted that it is Minkowski spacetime i.e. a semiriemmanian manifold with R 4 topology, where the metric
vanishes on light worldlines. Now, one may wonder if this belief is well founded; after all, from 11 there follows as well that the speed of light is isotropic (by dividing by dt 2 ). In other words we cannot trust on equation 11 to state the causal structure of spacetime because it is compatible only with the isotropic assumption, the fact we wish to prove. We need experimental evidence that the causal structure of spacetime is the same of Minkowski spacetime and to do this we cannot rely on simultaneity conventions. Here enters our corollary which states that from the L/c law there follows that the causal structure of spacetime is Minkowskian even if our spacetime M = E 3 × R isn't a metric manifold. Malament's argument then works. We summarize the entire deduction in a scheme
Even if attractive, in the following we shall abandon this approach to the conventionality of simultaneity essentially for one reason. Malament, to recover Einstein convention, requires an invariance principle i.e. the invariance of the simultaneity relation under C-automorphisms, but we have seen that a number of physical laws have the same effect if we require some symmetry. There is no physical reason for such a requirement; after all, the concept of simultaneity has to do with clocks not with light (causal structure) and in this regard clocks say that there are a number of viable conventions, that given by eqn. 3. Moreover, Malament's argument is hard to generalize at observers in generic motion [10] , or at generic spacetimes because in such contexts C-authomorphisms may be absent.
The choice of a good convention
Once one adopts the empirical point of view the problem becomes how to find a good convention for the physical context at hand. We suggest three criteria
• Simplicity of the laws of physics.
• Invariance of the convention used under change of the observer.
• Existence of a global time variable.
The first criterion is clear, one has to choose the simplest convention whenever the last two points are satisfied. The second criterion means this: a convention is good if it is the same for every observer, in such a way that communication among them is possible without referring each time to a subjective choice. This implies that the function φ must be the same for all observers, indeed if the observer O 1 uses the time variable t 1 = η − φ 1 and the observer O 2 uses the time variable t 2 = η − φ 2 then a communication among them is useless unless each observer knows the function φ used by the other. To meet the second point, the set of observers must agree on the function φ to be used. Depending on the physical situation, we have to restrict and define the set of observers under which the invariance of the convention holds. This happens in the following example. So far we have considered only observers at rest, here we look for conventions well suited for moving observers. In this example, our set of observers, under which invariance of the convention must be meet, is given by inertial observers. There is a law in classical mechanics which states
(*)
A reference frame in uniform rectilinear motion with respect to an inertial frame is inertial by itself.
Here, for "inertial frame", we mean any observer who doesn't feel inertial forces. This definition, based on detectable forces, avoids any convention and is ideal for our purpose. The function φ, common to all inertial observers, is taken in such a way that the law (*) remains unchanged passing from the time variable η to the time variable t. This restricts the allowed conventions to a subset where the relativity principle holds and where laws of physics happen to be particularly simple. Let w be the uniform velocity of an inertial observer, from eqn. 8, we see that in the time variable t the inertial observer has a uniform velocity only if ∇ w ∇ w φ = 0 which implies 4 φ = a · x + const..
With this choice the coordinate transformations from an inertial observer to another form a group, indeed if U(a) is the coordinate transformation from { x, t} to { x, η} then the coordinate transformation to a second observer of velocity v is given by
where v and w are related by eqn. 8. The group of coordinate transformations can be shortly written G = U(a) −1 Λ U(a) where Λ is the Lorentz Group. We take, a = α cî , where α is a dimensionless constant. In one spatial dimension the modified Lorentz transformation becomes
where
With the simplest choice, α = 0, we recover the Lorentz transformation. We mention another interesting convention. Starting from a realistic viewpoint, and with purposes very different from ours [15, 16, 17, 18] , Selleri [14] makes, in our notation, the proposal φ v = ( v· x)/c 2 where v is the velocity of the observer O v with respect to a privileged frame O 0 . This convention, depending on the velocity v of the observer, is not invariant under change of inertial frame. As a consequence the relativity principle (i.e. the invariance of the laws of physics under change of the inertial observer) is not fulfilled and the modified Lorentz transformations do not form a group. However, the law (*) remains true because φ v is linear in x. Implicitly, in the previous section, we have solved a problem raised by Selleri in his paper [14] , that of finding how the laws of physics must be written in his convention and if there is an experiment capable of rule it out [19] . Nevertheless, we stress, in contrast to him [15] , that the possibility of anisotropic convention doesn't imply the inconsistency of special relativity. The third point requires a wider discussion; we devote to it the following section.
The existence of a global time variable
So far, we have considered only the case in which the L/c law holds everywhere; to generalize our treatment the field A( x) is now taken arbitrary, i.e. we remove the condition A = ∇φ( x). If light has the velocity v = cv
then the time taken by a light beam to travel in a round trip over the path γ is given by
and the difference with the case in which light travels in the opposite sense is
This is a generalized Sagnac effect due to the distribution of velocities, eqn. 17. Being a measurable quantity, if a Sagnac effect is present, every allowed convention must account for it. From this it follows that in presence of a Sagnac effect it is impossible to find a new global time variable such that the speed of light is always c. The existence of a global time variable is very useful, and must be understood as one of the main task of a good convention, so this excludes the isotropic convention in a number of physical situations. Moreover, if two conventions on the velocity of light are allowed, i.e. they lead to the same predictions (Sagnac effect), then their fields are linked to one another by the gauge transformation
To see this, take the difference of two A fields, then obtain a new field that is rotation free because its integral over an arbitrary closed path is zero. Measurable quantities, i.e. convention-free quantities, must be gauge invariant. For instance, the rotation B( x) = ∇ × A is gauge independent and plays the role of the field strength of the gauge theory. It can be measured revealing the Sagnac effect for a closed path in the neighborhood of x. In our formalism, the usual non relativistic Sagnac effect [20, 21, 22] is obtained once one takes
where ω is the angular velocity of the rotating platform. Indeed, with this choice, one recovers the well known formula
where S is the surface subtended by the curve γ. Eqn. 21 is even the best convention that people living on the earth surface can take, where x is the displacement from the earth axis. However, in this treatment, eqn. 21 seems to be taken with an ad hoc procedure to recover eqn. 22 . In a forthcoming paper we describe how to derive the correct field A in general physical situations, making use of the method of dimensional reduction. Here we are mainly concerned with the case in which the L/c law holds, at least locally. In our theorem we proved that if the L/c law holds then A = ∇φ, however if the L/c law holds only locally we can only conclude that ∇× A = 0, i.e. A is rotation free. In a non simply connected space this doesn't leave out the possibility of a Sagnac effect, and as a consequence, this proves that the isotropic convention can be unsuited even when the L/c law locally holds. Think, as an example, at a large cylindrical spaceship of radius R spinning along its axis at the angular velocity ω. People live on the internal cylindrical surface of the spaceship and ω is chosen to reproduce the gravitational acceleration g = ω 2 R. Light and electric signals propagate along the surface. In a situation like this the L/c law holds locally but a Sagnac effect is present when a light beam travels all around the spaceship.
Conclusions
In the first part of this paper we developed the consequences of the L/c law. We found that the allowed distributions for the velocity of light are given by eqn. 3, and that each of them can be recovered from the isotropic value via a time coordinate transformation. The relation with a coordinate transformation enabled us to rewrite the laws of physics coherently with the anisotropic convention adopted. This change in their expression clearly doesn't alter the physical content of the laws, so that a physics based on anisotropic conventions appears to be feasible. Moreover, anisotropic conventions can prove extremely useful as we tried to show in the last part of the paper. The approach to conventionality of simultaneity as a gauge theory seems very attractive and will be the subject of subsequent works. It can be considered as a step towards general relativity. Our analysis of the L/c has been proven useful even in the causal approach to the conventionality of simultaneity. We showed that, if the L/c law holds in an Euclidean space, then the associated spacetime is causally the same of Minkowski spacetime. This result relates convention-free concepts i.e. the L/c law and the causal structure of spacetime. It justifies Malament's argument if one wants to base the simultaneity concept on the causal structure. This last approach, however, appears untenable when one skips from Minkowski spacetime to more realistic spacetimes where causal automorphisms are absent. This become particularly clear in the mathematical formulation of general relativity where the concept of simultaneity never enters, and where electromagnetism is expressed in a coordinate-free language. It seems to us that what really matters is nothing but the causal structure of spacetime even when it is not so obvious. For instance, in quantum mechanics, the concept of simultaneity is still used particularly in dealing with the reduction postulate. In the context of the EPR experiment it is frequently said that, given two correlated, distant particles, a measure performed on the first reduces, instantaneously, the wave packet of the second, where the word instantaneously implies that the Einstein synchronization convention is implicitly used. If our analysis is right, however, the concept of simultaneity is not needed to predict the correct quantum mechanical expectations. This result indeed holds, it suffices to describe the EPR experiment in terms of space-like commuting observables. It become meaningless to say which of two space-like measures happens before, and hence which reduces the wave packet, whatever choice is made the same quantum expectations follow. This is a consequence of the commutativity of space-like separated observables, a fact very well implemented in quantum field theory, but unfortunately unnatural in first quantization. useful to define t 1 (D) and t 1 (E). From our hypothesis
The lemma is proved. Note that the function t 1 = φ 1 ( x, t), even if called "time", it is not yet proven to measure necessarily the flow of time for observers different from O 1 . We are ready to prove the theorem. Proof of the theorem. Let t 1 = φ 1 ( x, t) be the function of the lemma related to the observer O 1 , differentiating in x along the worldline of a light beam of directionv we find
and making use of dt 1 = dl/c,
The first member is independent to the chosen observer. If O 2 is another observer
that can be rewritten
Butv is arbitrary, so
Calculating the first equation in O 2 , and recalling that there t 2 = t + const., we find ∂ t φ 1 ( x O 2 , t) = 1 and, because O 2 is arbitrary,
This proves that t 1 measures the flow of time even in point different from O 1 . Substituting back in equation 28, v = cv
The theorem is proven.
